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Motivation
                              decay leads to determination of 

Require precise theoretical determination

Current conservation              

Ademollo-Gatto Theorem -> second order SU(3) breaking 
effects in

[Leutwyler & Roos:                     ]

K → πlν (Kl3) |Vus|

decayrate ∝ |Vus|2|f+(q2 = 0)|2

f+(0) = 1 + f2 + f4 + · · ·
⇒ ∆f = 1 + f2 − f+(0)

f2 = −0.023

f+(0)

f+(0)

f+(0) = 1
∣∣∣
su(3) flavour limit



Motivation
∆f = 1 + f2 − f+(0)

Improve on earlier studies by:

-0.016(8)       (Leutwyler & Roos, 1984)
-0.017(5)(7)  (Bećirević et al., quenched)
-0.009(9)       (Dawson et al.,             DWF)
-0.025(4)       (Tsutsui et al.,             Clover)
-0.016(5)       (Preliminary RBC/UKQCD)

∆f =

Using                     flavours of dynamical fermions

Probing light quark masses

Checking finite size effects

Nf = 2
Nf = 2

Nf = 2 + 1



Lattice Techniques

K → π matrix element

〈π(p′)|Vµ|K(p)〉 = (pµ + p′µ)f+(q2) + (pµ − p′µ)f−(q2), q2 = (p′ − p)2

Three-point function

CPQ
µ (t′, t, !p′, !p) =

∑

!x,!y

e−i!p′(!y−!x)e−i!p!x〈0|OQ(t′)|Q(p′)〉〈Q(p′)|Vµ(t)|P (p)〉〈P (p)|O†
P (0)|0〉



Extraction of Form Factor
[RBC: hep-ph/0607162]

Extract scalar form factor

f0(q2) = f+(q2) +
q2

m2
K −m2

π

f−(q2)

at                                 with high precision viaq2
max = (mK −mπ)2

R(t′, t) =
CKπ

4 (t′, t;!0,!0)CπK
4 (t′, t;!0,!0)

CKK
4 (t′, t;!0,!0)Cππ

4 (t′, t;!0,!0)

−→ (mK + mπ)2

4mKmπ
|f0(q2

max)|2



     Dependence

Construct second ratio

R̃(t′, t; !p ′, !p) =
CKπ

4 (t′, t; !p ′, !p)CK(t;!0)Cπ(t′ − t;!0)
CKπ

4 (t′, t;!0,!0)CK(t; !p)Cπ(t′ − t; !p ′)

−→ (EK(!p) + Eπ(!p ′))2

mK + mπ
F (p′, p)

F (p′, p) =
f+(q2)

f0(q2
max)

(
1 +

EK(!p)− Eπ(!p ′)
EK(!p) + Eπ(!p ′)

ξ(q2)
)

, ξ(q2) =
f−(q2)
f+(q2)

where

Q2



     Dependence

Construct third ratio

to obtain

Q2

Rk(t′, t; !p ′, !p) =
CKπ

k (t′, t; !p ′, !p)CKK
4 (t′, t; !p ′, !p)

CKπ
4 (t′, t; !p ′, !p)CKK

k (t′, t; !p ′, !p)
(k = 1, 2, 3)

ξ(q2) =
−(EK("p) + EK("p ′))(p + p′)k + (EK("p) + Eπ("p ′))(p + p′)kRk

(EK("p) + EK("p ′))(p− p′)k − (EK("p)− Eπ("p ′))(p + p′)kRk



Parameters    
                     flavours of dynamical domain wall fermions

Iwasaki gauge action

Nf = 2 + 1

amq Volume mπ [MeV]mK [MeV]
0.03
0.02
0.01

163 × 32
0.624(2)
0.517(3)
0.393(2)

0.668(2)
0.617(2)
0.567(1)

0.03
0.02
0.01

243 × 64
0.624(1)
0.516(1)
0.385(1)

0.665(1)
0.614(1)
0.559(1)

For more details, see hep-lat/0701013

β = 2.13, Ls = 16, amres ≈ 0.03, a ≈ 0.121 fm, ams = 0.04



R(t′, t) =
CKπ

4 (t′, t;!0,!0)CπK
4 (t′, t;!0,!0)

CKK
4 (t′, t;!0,!0)Cππ

4 (t′, t;!0,!0)

f0(q2
max), ams = 0.04
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163 × 32 243 × 64

R̃(t′, t; !p ′, !p) =
CKπ

4 (t′, t; !p ′, !p)CK(t;!0)Cπ(t′ − t;!0)
CKπ

4 (t′, t;!0,!0)CK(t; !p)Cπ(t′ − t; !p ′)

F (p, p′), amq = 0.02, |!q|2 = 1 :
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163 × 32 243 × 64

Rk(t′, t; !p ′, !p) =
CKπ

k (t′, t; !p ′, !p)CKK
4 (t′, t; !p ′, !p)

CKπ
4 (t′, t; !p ′, !p)CKK

k (t′, t; !p ′, !p)
(k = 1, 2, 3)

ξ(q2), amq = 0.03, |"q|2 = 2 :
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Fitting Form Factors

Construct scalar form factor:

Fit with a monopole ansatz:

f0(q2) = f+(q2)
[
1 +

q2

m2
K −m2

π

ξ(q2)
]

f0(q2) =
f0(0)

1− q2/M2



 Pole:
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 0.02: 

 0.01: 

f0(q2) = f0(0)/(1− q2/M2)

f0(0) = 0.99911(6)

f0(0) = 0.99622(51)

f0(0) = 0.98725(272)

0.03 0.02

0.01



Chiral Extrapolation of f+(0)

f+(0) = 1 + f2 + ∆f

where

HPQ = − 1
64π2f2

π

[
M2

P + M2
Q +

2M2
P M2

Q

M2
P −M2

Q

log
(

M2
Q

M2
P

)]

f2 =
3
2
HπK +

3
2
HηK

at the physical masses, f2 = −0.023

∆f ∝ (ms −mud)2 Attempt two different extrapolations

∆f = a + B(ms −mud)2

R∆f =
∆f

(M2
K −M2

π)2
= a + b(M2

K + M2
π)



Chiral Extrapolation of f+(0)

∆f = a + B(ms −mud)2

-0.015

-0.01

-0.005

 0

 0  0.0005  0.001  0.0015  0.002

!
f

ams
2 - (ams  -  amq)2

∆f = −0.0146(28)



Chiral Extrapolation of f+(0)

R∆f =
∆f

(M2
K −M2

π)2
= a + b(M2

K + M2
π)
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∆f = −0.0161(46)



Alternative Fits To f0(q2)
1.  linear:

2.  quadratic:

3.  z-fit [hep-ph/0607108]:

f0(t) =
1

φ(t, t0, Q2)

∞∑

k=0

ak(t0, Q2)z(t, t0)k

φ(t, t0, Q2) =
√

3t+t−
32π

z(t, 0)
−t

z(t,−Q2)
−Q2 − t

(
z(t, t0)
t0 − t

)−1/2 (
z(t, t−)
t− − t

)−1/4 √
t+ − t

(t+ − t0)1/4

t± ≡ (mK ±mπ)2

t0 ∈ (−∞, t+)

t0 = t+(1−
√

1− t−/t+)

f0(q2) = f0(0) + a1q
2 + a2q

4

f0(q2) = f0(0) + a1q
2

t = q2 → z(t, t0) ≡
√

t+−t−√t+−t0√
t+−t+

√
t+−t0



1. Linear:
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f0(q2) = f0(0) + a1q2

∆f = −0.0077(13)



2. Quadratic:
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f0(q2) = f0(0) + a1q2 + a2q4

∆f = −0.0185(73)



3. Z Fit:
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∑∞
k=0 ak(t0, Q2)z(t, t0)k

∆f = −0.0177(88)



4. Pole:
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∆f = −0.0161(46)



Comparison
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|Vus|

PDG(2006)/LR:

∆f = −0.0161(46)(15)(16)⇒ fKπ
+ (0) = 0.9609(51)

Using                                    from experimental decay rate:|Vusf+(0)| = 0.2169(9)

|Vus| = 0.2257(9)exp(12)f+(0)

|Vud|2 + |Vus|2 + |Vub|2 = 1− δ, δ = 0.00076(62)

|Vud|2 + |Vus|2 + |Vub|2 = 1− δ, δ = 0.0008(10)



Summary and Future Work

agrees well with L/R result

no obvious finite size effects

small statistical error

progress towards controlling systematics

Lighter quark masses

Another         continuum limit

Twisted boundary conditions      smaller 

Further Improvements

Preliminary                    result for Nf = 2 + 1

(amq = 0.005)

β →

q2


